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Put Z,, = {l, 2,..., n} and let n denote an arbitrary permutation of Z, . Problem 
I. Let T = (n(l), v(2), . . . . r(n)). 71 has an up, down, or jixedpoint at a according 
as a < m(a), a > v(a), or a = n(a). Let A(r, s, t) be the number of T E Z, with r 
ups, s downs, and t fixed points. Problem ZZ. Consider the triple r-‘(a), a, v(a). 
Let R denote an up and F a down of n and let B(n, r, s) denote the number of 
x E Z, with Y occurrences of a-l(a)RaRa(a) and s occurrences of s’(a)FaFn(a). 
Generating functions are obtained for each enumerant as well as for a refinement 
of the second. In each case use is made of the cycle structure of permutations. 
1. INTRODUOTI~N 
Put 2, = (1, 2, 3 )...) n} and let 7~ = (a, , a2 ,..., a,) denote an arbitrary 
permutation of 2, . A rise is a pair of consecutive elements ai , ai+l such that 
a6 -=c ait ; also it is sometimes convenient to count a conventional rise to 
the left of a, . Similarly a fall is a pair ai , a,+l with ai > u,+~ ; also a conven- 
tional fall to the right of a, may be counted. Thus if r has r rises and s falls 
(including the conventional rise and fall) then Y + s = N + 1. Let A,,, denote 
the number of n E Z, with r rises. It is well known (see, for example, 
[4, Chap. 81) that A,,, satisfies 
1 + fl 5 f A,,,Y’ = 1-Y 
* r=1 
1 _ yezcl-?/, * 
The A,., are called Eulerian numbers. Since 
A 1z,T = &n-r+1 (1 < i” < I?): (1.2) 
we may define 
ACT, 4 = A,+,+,,,+1 = Ar+s+l,s+l = Ah ~1. 0.3) 
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The generating function (I. 1) now becomes [3] 
(1.4) 
Another generating function for A(r, s) is 
-f A(r,s)[x’y”/(r + s)!] = (1 f xm, YMl f YF(x, Yh (1.5) 
r, s=o 
where 
the right member of (1.4). 
In the present paper we discuss the following two permutation problems. 
PROBLEM I. Given the permutation 
i 
1 2 3 *.. iz 
7r = z-(l) T(2) VT(3) *.. J 77(n)’ 
we shall say that 
(1.6) 
T has an up at a if a < n(a), 
T has a down at a if a > n(a), 
T has aJixedpoint at a if a = T(a). 
(1.7) 
We accordingly define A(r, s, t) as the number of permutations r E Z, 
with Y ups, s downs, and t fixed points, where r + s + t = n. Also 
.Z(r, s) = A(r, s, 0) (r + s = ~7) 
is the number of 7~ E Z, with Y ups and s downs and no fixed points. It 
evidently follows from the definition that 
A@, s, t) = (’ + ; + “) A(r, s). (1.8) 
PROBLEM II. Again given the permutation (1.6) we now consider, for 
1 ,( a < II, the triple 
(1 < a < n). (1.9) 
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For brevity we let R denote an up and F a down of E-. Let B(H, r, s) denote the 
number of QT E 2, with r occurrences of 
d(a) RaRr(a) (1 < a < 12) 
and s occurrences of 
+(a) FaFx(a) (1 < a < 12). 
(By (1.10) is meant d(a) < a < r(a), by (l.ll), w-l(a) 
For Problem I we show that 
T $, 46 4 &= 
x - y 
xey - ye” ’ 
Indeed, we show that 
> 
(1.10) 
(1.11) 
a > 7r(a)). 
(1.12) 
(1.13) 
where Ak(r, s) is the number of permutations with k cycles, r ups, and 
s downs. 
For Problem II we consider the enumerant &(n, Y, s) which is defined as 
the number of v E Z, with k cycles, r occurrences of RR, and s occurrences 
of FF. Then, to begin with, the evaluation of B,(n, r, s) is reduced to the 
evaluation of &(rz, r, s). As for Br(n, r, s) we show that 
&tn, r, s) = P(r -l-j, s +j,j) (r + s + 2j = II), (1.14) 
where P(r, s:,j) denotes the number of permutations of Zr+s-l with r rises, 
s falls, and j maxima. The enumerant P(r, s, j) has been investigated in 
[3, Sect. 61. It satisfies 
f. m’!$‘s’ P(r f 1, s + l,.i + 1) (r + f$“+ 1p = F(U, V), 
where, as above, 
(1.15) 
F(U, V) = (e u - ev)/(Uev - Ve”) 
and 
u = $[x + y + ((x 4 jJ>” - 4xyz)““], 
v = $[x + y - ((x + y)” - 4xyz)9. 
It follows from (1.14) and (1.15) that 
(1.16) 
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where 
B(72, r, s) = c B&r, r, s) 
k 
and 
u, = +[x -j-y + ((x f  JI)" - 4)q 
v, = *[x + y  - ((x -t-y)” - 4)‘/2]. 
Note that the generating function on the right-hand side of (1.16) is of the 
same form as that in (1.12). In particular, if 
B(% V) = 2 B(n,j, r - j), 
j=O 
the number of m E Z, with I’ doublets (RR or FF or both), then 
where 
u = u(x) = x + (x2 - l)l/“, 
v = v(x) = x - (x2 - 1p2. 
As a refinement of Problem II we consider the number of permutations 
of Z, with Y occurrences of RR, s occurrences of FF, P’ of RF, and s’ of FR. 
Let B(n, Y, s, r’, s’) denote the enumerant and let &(M, r, s, r’, s’) denote the 
corresponding enumerant for permutations with k cycles. Then in the first 
place 
B(n, r, s, r’, s’) = Bk(n, r, s, r’, s’) = 0 
unless r’ = s’. This suggests the definition 
B(n, r, s, t) = B(n, r, s, t, t), Bkh, r, s, t> = Bk(n, r, s, t, t>. 
We show that 
(n = r + s + 2t - k), 
(otherwise), 
(1.18) 
and that 
B(n, r, s, t) = B,(n, r, s), (1.19) 
where k is determined by n = r f  s f  2t - k. 
The coefficients &r, s) defined by (1.12) may be called associated Eulerian 
numbers. They have previously occurred in several combinatorial problems. 
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For some of their properties and references see the end of Section 3 below. 
We remark that in both Problems I and II we make use of the cycle 
structure of permutations. For some other permutation problems involving 
both rises and cycle structure, see [I]. 
2. PROBLEM I 
As above let A(r, s, t) denote the number of permutations v of Z, with 
r ups, s downs, and t fixed points, where-n = Y + s + f. Let &(r, s, t) 
denote the number of permutation v of Z, with k cycles, r ups, s downs, 
and t fixed points, where again n = r + s + t. Also put 
d(r, s) = A(r, s, 0), 
&(r, s> = &(r, s, 01, 
(2.1) 
so that A(r, s) is the number of v E Zr+s with r ups and s downs, while 
&(r, s) is the number of rr E Zr+s with k cycles, r ups, and s downs. 
We have, to begin with, 
A(r, s, t) = i’ + : + ‘1 A(r, s). (2.2) 
Also, since the fixed points of rr correspond to cycles of length 1, it is clear 
that 
&Jr, 3, t) = f  r + s + ‘) A&r, s) (k > t). (2.3) 
In particular, for k = 1, 
For k = t, it is evident that 
Note also that 
A,(r, s, 0) = A,(r, s). 
To complete the definition we take 
(r + s + t = 01, 
(r + 3 + t > 0). 
(2.4) 
(2.5) 
cm 
(2.7) 
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Let Z,(k) denote the set of permutations of Z, with k cycles. Consider 
first rr E Z,(l), so that 
?7 = c, = (u$zz -** a,), (2.8) 
a single cycle. We may assume without loss of generality that a, = 1. The 
rises and falls of (a,, a, ,..., a,) are the ups and downs of n; in addition, 
since v(a,) = a, = 1, there is also a down at a, . It therefore follows that 
d,(r, s) = A,+,-,,, = A(r - 1, s - 1) (r >, 1, s 3 11, (2.9) 
where A,,, denotes an Eulerian number in the standard notation and A(r, s) 
denotes an Eulerian number in the symmetric notation. 
Next let 7~ have cycle structure C,C, ... C, and put 
?r = lT17-rcj *-. m]c , 7Tj = cj (j = 1, 2 ,..., k). (2.10) 
Assume that rr has no fixed points, so that no rrj has a fixed point (that is, 
each rf is of cardinality greater than one). Let 7~ have r ups and s downs; 
let rj have rj ups and sj downs. Then 
r=r,+r,+~~~$r,, 
s = s1 + s2 + *a- + Sk. 
(2.11) 
It follows from (2.11) that 
(r + s)! 
Ak(r’S)= (r,+s,)!(r,+s,)!~~~(r,+s,)!k! 
Hence, for rj > 0, sj > 0, by (2.9), 
A,(r, s) = (r + s)! 
(rl + s,)! (r2 + s,)! a** (rk + s,)! k! 
*A(r,--l,s,-l)A(r,-l,s~--l)~~~A(r,-l,sk--l). 
(2.13) 
Combining (2.12) with (2.3), we get 
Ur, s, 0 = (rl + sl)I 
(r + s + t>! 
. *-a (rlcdt + s&! (k - t)! t! 
- A(r, - 1, s1 - 1) --a A(rkpt - 1, slrwt - 1). (2.14) 
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3. GENERATING FUNCTION FOR PROBLEM I 
Put 
@(x, y, U) = 
r,s,k=O 
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(3.1) 
Then, by (2.13), 
@,(x, y, u> = jJo j$ j 1 + 2 4r, s) (r 5+:;;), j k 
r,s=0 
(3.2) 
Let 
G(& Y> = 1 + f A(r, s) (r S+:Tl) I , 
T, s=o 
so that, by (1.4), 
It follows from (3.3) and (3.4) that 
W’z +YRJ G(x, Y> =XYF(X, Y) = Y x;; : ;Lz > 
where D, = a/ax, D, = alay. 
However, it is somewhat more convenient to consider 
G(z) = 1 + f  A(r, s) (r ;+;;2,, e~-+~+l, 
r, s=o 
,F(z) = f  ACry s) (r +xyi 1), y+s = 
erz - eYZ 
r,s=o 
xze"Z - Y zp- . 
Then 
(3.3) 
(3.4) 
(3.5) 
G’(z) = xyzF(z) = (erz - eYii>/(xeY” - ye”“). 
136 CARLITZ AND SCOVILLE 
Integration leads to 
G(z) = log[(x - y)/(xeyz - yerz)], 
and therefore 
G(x, Y> = 1ogKx - Y>/(=” - WY. 
Substitution in (3.2) then gives 
W, y, ~1 = Kx - y>/(xeY - WW. 
Thus (3.1) becomes 
jfouk f A,(r, s)& = ( x-y j”. 
T, s=o s . xey - ye” 
(3.6) 
(3.7) 
(3.8) 
In particular, for 2.4 = 1, since 
iqr, s) = c A,(?-, s), 
k 
(3.8) reduces to 
f. A(r, s)[x’y”/(r + s)!] = (x - y)/(xey - ye”). 
In view of (2.2) we have also 
(3.9 
(3.10) 
Finally, by (2.3), 
=e z” 5 &(r, s) - !T!2L uk 
r,.S,k=O (r+s)! ’ 
so that 
In particular, for u = 1, (3.11) reduces to (3.10). 
We may state 
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THEOREM 1. Generating functions for A(r, s) and A(r, s, t) are furnished 
by (3.9) and (3. IO). GetzerafiMgfurzctionsfor Ak(r, s) and &(r, s, 2) are furnished 
by (3.8) and (3.11). 
The Eulerian numbers A(r, s) and the associated Eulerian numbers A(r, s) 
defined by 
and 
x - y 
xey - ye” ’ 
respectively, are closely related. It is easily shown that 
and 
Ac(r, s) = i (-l)+j G ‘5, A(r, j - 1) 
i=l 
(s > 1). 
(These formulas are incorrectly stated in [2, (8.9) and (8.10)].) 
The A(r, s) satisfy the recurrence 
A(r, s) = (r f 1) A(r, s - 1) + (s + 1) A(r - 1, s), 
while 
A(r, s) = vX(r, s - 1) + s&r - 1, s) + (u + s - 1) d(r -- 1, s - 1) 
(r > t, s >, 1). 
Roselle [5] showed that X(r, s) is equal to the number of permutations 
of 2, with r rises, no successions, and a, > 1. (A succession in a permutation 
(al , a2 ,..., aJ is a pair ai , ai+l with LQ+~ = ai + 1.) 
The d(r, s) appeared in an entirely different connection in [2]. This is 
applied in Section 5 below. 
4. PROBLEM II 
As in the Introduction let B(n, Y, s) denote the number of permutations T 
in 2, with r occurrences of 
+(a) Rak(a) (1 < a -G n) (4.1) 
and s occurrences of 
w’(a) FaI%-(a) (I < a < ~2)~ (4.2) 
58za/zz/z-z 
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Also let B&r, r, s) denote the number of rr in Z, with k cycles, Y occurrences 
of (4.1), and s occurrences of (4.2). 
Let the permutation Z- have k cycles and put 
57 = %-l?rc2 .‘. 35-k) 23-j = cj, ] cj J = nj (1 <j < k). (4.3) 
Let z-~ have rj occurrences of RR and s occurrences of FF. (R and F now 
denote ordinary rises and falls including the conventional ones.) Then 
and 
(4.4) 
B,(n, r, s) = I7 ! /zl! -I. n,<! k! B,(n, , rI , .sJ ... Bl(uk , rk , sJ. (4.5) 
Thus it suffices to consider B,(n, r, s). 
It is helpful to examine some sample data. 
pattern 
~ 
- 
/ 
A 
ti 
n max min R F RR FF 
4 1 1 4 1 3 0 
5 1 1 3 3 2 2 
6 3 3 3 4 0 1 
6 1 I 5 2 4 1 
6 1 E 4 3 3 2 
6 1 1 3 4 2 3 
7 2 2 4 4 2 2 
8 3 3 5 4 2 1 
9 2 2 5 5 3 3 
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pattern n max min 
I 
R 
- - 
RR 
4 
5 
5 
5 
3 
2 
FF 
The detached dots are “ideal” elements; for each pattern the dot on the 
left and the one on the right are identified. It follows from this convention 
that in any pattern, the number of maxima is equal to the number of minima. 
The following easily proved relations are suggested by the data: 
#(min) = #(max), 
#(RR) = #(RI - #(maxL 
#WI = ##VI - #@in), 
#(RR) = # of proper rises, 
#(FF) = # of proper falls. 
(4.6) 
(4.7) 
By a proper rise is meant a rise that is not contiguous to a maximum; 
similarly for a proper fall. 
Let P(r, s, k) denote the number of permutations of Zr+s--l with r rises, 
s falls, and k maxima (including conventional rises and falls). It is known 
[3, Section 61 that 
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where, as above 
and 
F(U, V) = (e” - ev)/(Uev - Ve”) 
u = J[X + JJ + ((X + JJ)” - ~,-c-JJZ)‘/~], 
v = gx + y - ((x + y)” - 4xyz)1/2]. 
(4.9) 
Let H(r, s, k) denote the number of permutations of Z,.+sf2k-l with r 
proper rises, sproper falls, and k maxima. It then follows that 
Mb r, s> = P(r, sd, n=r+s+2j--I. (4.10) 
(We are now viewing a cycle as a circular permutation; this does not affect 
the number of maxima.) 
Since 
it follows that 
G(z) = fl 5 1 B&l, r, s) x-y 
7+sgVL 
?a--r+s+l(modl) 
c p(r, s,j f 1) xTysz'+s+Q-y 
r,s,j (r + s + 2.j + l)! 
= C P(r+j+ l,s+j+ l,j+ I> 
XTySZT+s;2~+l 
r,s,j (r f s+2j+ l)! 
= 1 P(v+l,s+l,jfl) 
xT-jyS-jzT+8il 
(r+,st l)! . 
(4.11) 
T,S,j 
By (4.8) the extreme right member of (4.11) is equal to zF(U, , VI;;), where 
u, = $z[x + y + ((x + y)” - 4)1’2], 
v1 = $z[x + y - ((x + y)” - 4)1/2]. 
Since 
abz 
eaz - ebz 
aebs - beaz y 
where 
(4.12) 
a = +[x -/- y + ((x + y)2 - 4)‘/2], b = &[x + y - ((x + y)” - 4)“/2], 
ab = 1, 
PERMUTATION PROBLEMS 141 
it follows from (4.11) and (4.12) that 
XTW” c B,(n, I’, s) - = 1% 4 - v, 
n,r,s 12 ! Ulevl - Vleul * 
(4.13) 
Returning to (4.5), it is evident that 
c Bkh r, s> x*yszn ___ = A 1 c B,(n, r, s) F/“. n! (4.14) rz,T,S 7z,T,S 
Put 
H(X) = qx, y, z, A) = f A” c B&z, Y, s) F. (4.15) 
k=O 1z,T,S 
Then, by (4.13) and (4.14), 
H(X) = exp h log 
I 
and therefore 
Since 
it follows from (4.16) that 
To sum up the results of this section we state 
THEOREM 2. The generating function 
f@X, y, Z, A) = -f A” -f (Z”/ll!) c &(l?, P, S) X’y” 
k=O 12=0 'p, s 
satisfies (4.16), where U, , VI are given by (4.13). 
The generating function 
(4.16) 
(4.17) 
z. W/n 9c Btn, r $1 X’Y’ 
T,S 
satis$es (4.17). 
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5. PROBLEM II (CONTINUED) 
It is proved in [2, Section 71 that if g(n, m) denotes the number of permu- 
tations of 2, with pattern of the type 
where there are m ascents (inclines) and each contains at least two nodes, then 
- z” 
1 = c - c g(n, nz) P = U-P 
n=l If! 4wKn aeRe - pea2 ’ . 
where 01, p are the roots of 
Y2-y+x=o. 
(5.1) 
01 = “(X) = &[I + (1 - 4x)9, 
p = /3(x) = $[l - (1 - 4x)1/2]. 
Let 
(5.2) 
(5.3) 
so that B(n, r) is the number of permutations ir of Z, with Y doublets, that is, 
Y occurrences of 7+(a) R&V(~) or n-l(a) F@r(a), 1 < a < n. 
If we take x = y in (4.17) we accordingly get 
1+fs c 
U-V 
BOG r) xr = *e”7. _ veu” ’ (5.4) 
VI=1 
11 =r+ll;modz) 
where 
21 = u(x) = x + (x” - l)l/“, 
(5.5) 
u = u(x) = x - (x2 - 1y2. 
It follows from (5.2) and (5.5) that 
2x01(1/4x2) = x + (x2 - 1)1-/z = u(x), 
2$(1/4x2) = x - (x2 - 1)1/z = v(x). 
(5.6) 
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In (5.1) replace x by (2~)-~ and z = 2x2. Then 
cL(l/49) - /3(1/4x”) u(x) - u(x) 
o1(l/4x2) ev(z)z _ /3(l/4x2) etddz = u(x) &=k - u(X) eU(z)z . 
Comparison with (5.4) gives 
B(n, 12 - 2nz $ 1) = 2+-2~J*g(n, m) (2nz ,< n). (5.7) 
The enumerant B(rz, Y, s), with r + s even, can also be related to g(n, m). 
Indeed, if we replace x, y by 2x, 2y, respectively, in (4.12) we get 
u, -+ z[x + y i ((x + y)" - 4y21 = zu(x -i-v), 
v, -+ z[x + y - ((x -/- y)” - 4)9 = zu(x $ y). 
Thus (4.7) becomes 
2 “” c B(n, Y, s) 2’+“x’ys = u(x + y) - V(X + y) 
,?,=o 1% ! T, s U(X + y) e*(o+Y)z: - z:(x $ y) eU(z+Y)2: 
Therefore 
2TfSB(n, r, s) = (r f “) B(n, r + s). (5.8) 
We may now state the following supplement to Theorem 2. 
THEOREM 3. The enumerants B(n, Y, s), B(n, k), g(n, m) are related by 
B(v, r, s) = 2-‘-s (r F “) B(n, r + s) = 2-l (’ T “1 g(n, m), (5.9) 
wheren=rfs+2m-I. 
6. -FINED VERSION OF PROBLEM II 
A refinement of Problem II is the determination of the number of permu- 
tations r of Z, with r occurrences of 
r-l(a) RaRz-(a), 
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r’ occurrences of 
%-l(u) FUF%(U), 
7r1(u) RUF%(U), 
and s’ occurrences of 
or briefly 
7+(u) FUR%(U), 
(RR)T(FF)“(RF)r’(FR)S’. 
Let B(n, r, S, r’, s’) denote this enumerant and let B,(n, r, s, r’, s’) denote 
the corresponding enumerant for the permutation n with k cycles. Then, 
extending (4.5), we have 
I 
Bkh r, s, r’, s’> = n , ..!A k. fJB((n. r. .s. r.’ s.‘) , I<, ,li 1 3) 3) 32 3) 3 Y (6.1) 
1' * 3=1 
where 
n= inj, r= irf, s = i sj, 
k k 
Y’ = C rj’, St = c Sj’, 
j=l j=l j=l jel j=l 
and the parameters have the obvious meaning. 
In the next place, for a permutation with one cycle it is cIear that the RF 
and FR coincide with the maxima and minima, respectively. Thus 
B&z, r, s, r’, s’) = 0 unless r’ = s’. This suggests that we define 
-f&(4 r, s, Q = Bkh r, 3, 6 t>, 
B(n, Y, s, t) = B(n, P, s, t, t). 
Then, corresponding to (6.1), we have 
B,(n, r, s, t) = “I 1 . . . nk! kl fi Bl(nj, rj, Sj 2 tj), 
n1. 
(6.3) 
* 3=1 
where 
k k 
n = 1 nj, r = C rj, s= &j, f= t tj. 
j=l j=l j=l j==l 
(6.2) 
(6.4) 
Now, by (4.10), 
B,(n, r, s) = p(r, s, j) = W + j, s + j, A, 
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where y1 = r + s $2j - 1. We recall that j denotes the number of maxima. 
Tt follows at once that 
Hence, by (6.3), B&z, Y, s, t) = 0 unless 
nj = yj + sj $ 2tj - 1 (j = 1, 2 )...) k). 
Summing over j and making use of (6.4), we get 
n=r+s+2t-k. (6.6) 
By (4.5) and (6.5) it is clear that 
MC r, s, t> = Bdn, r, 4, (6.7) 
where the parameters satisfy (6.6). In particular it follows from (6.6) that for 
assigned N: Y, s, t, the number of cycles is determined. Hence 
B(n, r, s, t) = B,(n, r, s). (6.8) 
To sum up we state 
THEOREM 4. The enumerant B&z, Y, s, t) is related to B&z, I’, s) by means 
of (6.7), where n, r, s, t, k satisfy (6.6). The enumerant B(n, r, s, t) satisfies (6.X), 
where again the parameters satisfy (6.6). If (6.6) is not satisfied, B,(n, r, s, t) 
vanishes. 
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